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A state onstrained optimal ontrol problemObjetive min J(u) = F (y ; u) = 12ky � ydk2L2(
) + �2kuk2L2(
)State equation Ay = u in 
y = 0 on �Constraints y � y a.e. in 
0 � 
0 � u � b a.e. in 
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Lavrentiev regularizationAssume that �y = y holds on a subdomain. ! The optimal ontrol isobtained by twie di�erentiating the data:Ay = u:Consequently, we have! some properties of ill-posed problems! in partiular high ondition numbers after disretizationMoreover, the Lagrange multiplier � assoiated to the state onstraintsare only Borel measures (Dira measures are possible).One possible way out: ! Lavrentiev regularizationLavrentiev regularization �"u + y � yA. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 6
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Lavrentiev regularizationWe use a Lavrentiev type regularization of the state onstraints.Regularized state onstraints�"u + y � yKnown results: Existene of regular Lagrange multipliers in several ases:linear quadrati problems ! Tröltzsh (2004),semilinear problems ! Rösh and Tröltzsh (2005, 2006).Optimal ontrols are Lipshitz ontinuous. Convergene of the optimalontrols �u" an be shown for " # 0 (Meyer, Rösh and Tröltzsh (2004)).Next, we will disuss the approah via"u + y � y :A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 8



Regularity ondition - Existene of optimal solutionsWe assume the existene of an �inner point�:Regularity ondition - existene of an inner point9û 2 L2(
) : 0 � û � b and ŷ � y + �; � > 0Existene of optimal solutionsLemma: The unregularized problem admits a unique solution �u.Moreover, the regularized problems admit unique solutions �u".RemarkAn additional smallness ondition for " is needed to ensure this result inthe ase �"u + y � y :A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 9



Admissible ontrol sets and optimality onditionsWe de�ne the following sets:Admissible ontrol setsUad := fu 2 L2(
) : 0 � u � b; y � y ; gU"ad := fu 2 L2(
) : 0 � u � b; y � y + "ugHere, y denotes always the assoiated state to u.Optimality onditions(��u + �p; u � �u) � 0 for all u 2 Uad(��u" + �p"; u � �u") � 0 for all u 2 U"adwhere the adjoint states �p and �p" are de�ned via an adjoint equation:Adjoint equation A�p = y � yd in 
p = 0 on �
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Constrution of test funtionsConstrution of a test funtion for the �rst variational inequalityLemma: The ontrol uÆ := (1� Æ)�u" + Æû is feasible for (P) forÆ 2 [Æ"; 1℄ with Æ" = "b� + "b :The assertion is easily obtained using the spei� properties of the innerpoint û.Constrution of a test funtion for the seond variational inequalityLemma: �u belongs to U"ad for arbitrary " > 0.The assertion is true beause of"�u + �y � �y � y :A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 11



Error estimatesAdding the two variational inequalities with our spei� test funtions, weobtain �k�u � �u"k2L2(
) + k�y � �y"k2L2(
) � (��u + �p; uÆ � �u"):Moreover, we havekuÆ � �u"kL2(
) = Ækû � �u"kL2(
) � Æbj
j 12 :Setting Æ = Æ" we end up withRegularization error�k�u" � �uk2L2(
) + k�y" � �yk2L2(
) � ":A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 12



Stability of regularized solutionsAssumption: The data yd and y are perturbed:Noisy data kyd � y�d kL2(
) � �dky � y� kL1(
) � �We modify the regularity onditionRegularity ondition - existene of an inner point9û 2 L2(
) : 0 � û � b and ŷ � y + �; � � � = � 0 > 0:That means that the safety parameter � is larger than the noise level Æ.We denote by �u�" the solution of the regularized problem with noisy data.Our goal is to estimate the distane k�u�" � �uk to the solution of theunregularized problem with exat data.A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 13



Existene of optimal solutions and optimality systemExistene of optimal solutionsLemma: The unregularized problem admits a unique solution �u.Moreover, the regularized problems admit unique solutions �u�" .The assertion is true, sine the modi�ed regularity ondition ensures theexistene of a feasible point.Optimality onditions(��u + �p; u � �u) � 0 for all u 2 Uad(��u�" + �p�" ; u � �u�" ) � 0 for all u 2 U";ÆadThe noisy data in�uene the adjoint equation:Adjoint equation for the problem with noisy dataA�p�" = y�" � y�d in 
p�" = 0 on �
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Constrution of test funtionsThe noisy data in�uene the onstrution of the test funtionsConstrution of test funtionsLemma: The ontrol u�Æ := (1� Æ)�u + Æû is feasible for (P�" ) forÆ 2 [Æ�" ; 1℄. Moreover, u�% := (1� %)�u�" + %û is feasible for (P) for every %in [%�" ; 1℄.The quantities Æ�" , %�" are given byÆ�" = �� + � ; %�" = "b + �"b + � + � 0Using these two test funtions, we �nd the estimate�k�u � �u�" k2L2(
) + k�y � �y�" k2L2(
) � (��u + �p; u�% � �u�" )+(�p�" + ��u�" ; u�Æ � �u)+(yd � y�d ; �y � �y�" ):A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 15



Stability estimateEstimating all terms, we �nd the stability estimateStability estimate�k�u � �u�" k2L2(
) + 12k�y � �y�" k2L2(
) � C1"+ C2� + 12�2d :The onstants C1 and C2 an be expressed as followsC1 = b2� 0 j
j 12 � k��u + �pkL2(
)C2 = b� 0 j
j 12 � k��u + �pkL2(
) + b� j
j 12 � k��u�" + �p�" kL2(
):Using the inner point, it is easy to �nd a priori bounds for the expressionsk��u + �pkL2(
) and k��u�" + �p�" kL2(
)Feasible solutionThe ontrol u�% is feasible for (P) and ful�lls the same error estimate.A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 16



Numerial test - dependene on "
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Numerial test - dependene on "
" k�u � u"hkL2(
) k�u � u"hkL2(
)p" k�y � y"hkL2(
)21 � 10�2 2:2180e + 0 15:684 9:7706e � 220 � 10�2 1:5018e + 0 15:018 5:8289e � 22�1 � 10�2 9:9099e � 1 14:015 3:1875e � 22�2 � 10�2 6:5758e � 1 13:152 1:6745e � 22�3 � 10�2 4:5411e � 1 12:844 9:1220e � 32�4 � 10�2 3:5025e � 1 14:010 5:9091e � 32�5 � 10�2 3:1421e � 1 17:774 4:8770e � 3"-dependenyA. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 18



Numerial Tests - solution for " = 0:005
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Numerial Tests - dependene on �
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Numerial Tests - dependene on �
� k�u � u";�h kL2(
) k�u � u";�h kL2(
)p� k�y � y";�h kL2(
)23 � 10�2 1:0011e + 0 3:5394 3:6082e � 222 � 10�2 7:8281e � 1 3:9140 1:7899e � 221 � 10�2 6:0590e � 1 4:2844 9:5663e � 320 � 10�2 5:1377e � 1 5:1377 6:0098e � 32�1 � 10�2 4:1156e � 1 5:8204 4:8575e � 32�2 � 10�2 3:5701e � 1 7:1401 4:6160e � 3� -dependeny
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Finite element disretizationWe disuss a standard FE-disretization:Pieewise onstant or pieewise linear ontrolsPieewise linear �nite elements for the stateRemarkIn the ase of a semidisretization (only disretization of the PDEs) wean apply the results onerning the stability presented before. Theperturbation � repesents now the disretization errork�u" � �uh"kL2(
) � p� � hj ln hj1=2For full disretization we have to modify the estimation strategy.A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 23



The fully disretized problemWe require the existene of an inner point for the undisretizedproblem.Therefore, it is easy to onstrut a ontrol u�h whih is lose to thesolution of the fully disretized problem uh and feasible for theundisretized problem.However, we need also a ontrol uÆ whih is lose to the solution ofthe undisretized problem �u and feasible for the disretized problem.Consequently, we need two ingredients:A pieewise onstant (linear) ontrol whih is lose to �uA pieewise onstant (linear) inner pointThis problem is solved using the L2-projetion of both points.A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 24



Basi properties and disretization errorFE-error kSf � Shf kL1(
0) � h2j ln hjkSf kW 2;1(
)kSf � Shf kL1(
0) � h2(ln h)2kf kL1(
)The seond inequality is essentially needed beause of the pieewiseonstant ontrols. Estimating all terms, we end up with:Disretization errork�u" � �uh"kL2(
) � hj ln hj+ f (") � h1=2Moreover, we have f (")! 0 for "! 0:Challenge for the future: Optimal tuning of h and "A. Rösh On optimal ontrol problems with mixed ontrol-state onstraints Bonn, September 18�22, 2006 25



Summary
Optimal ontrol problems with pointwise state onstraints an beregularized with a Lavrentiev type regularization.The regularization error an be estimated.The solutions are stable with respet to noisy data.It is possible to onstrut feasible approximations.Estimates for the disretization error are available.
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