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Introduction

Example Problem

Problem setting

.. 1 2 Y 2
Minimize §||y — Ytz + EHU — udll72(q)
{ —Ay=u on{
s.t.

y=0 onl
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Introduction

Example Problem

Problem setting

.. 1 2 Y 2
Minimize §||y — Ytz + EHU — udll72(q)

—Ay=u on{
s.t.
y=0 onl

u>0 onf
and
eu+y>y. onf

Mixed control-state constraints

@ Lavrentiev-type regularization of state constraints
@ ¢ > 0 fixed in this talk
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Introduction

Example Problem

Problem setting

.. 1 2 Y 2
Minimize §||y — Ytz + EHU — udll72(q)

—Ay=u on{
s.t.
y=0 onl
u>0 onf
and

eu+y>y. onf

new control v:i=cu+y ~v >y,

[Meyer, Tréltzsch]: 12th FGS Conference on Optimization, 2006
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Introduction

Example Problem

Problem setting

.. 1 2 Y 2
Minimize §||y — Ytz + EHU — udll72(q)

—Ay=u on{
s.t.
y=0 onl

u>0 onf
and
eu+y>y. onf

new control v:i=¢eu+y ~»v >y, butalsov—y>0

[Meyer, Tréltzsch]: 12th FGS Conference on Optimization, 2006
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Introduction

Known Results

o Q C R2 or R3 has C1! boundary I = y € H3(Q) N H3(Q)
0 yy € L%(Q), ug € L®(Q), yc € L=(Q)
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Introduction

Known Results

o Q C R2 or R3 has C1! boundary I = y € H3(Q) N H3(Q)
0 yy € L%(Q), ug € L®(Q), yc € L=(Q)

Theorem (Existence of regular Lagrange multipliers)

There exist puj € L*°(Q), such that
0<pus Lu>0 on Q2
O0<wupleut+y—y.>0 onQ

[Résch, Tréltzsch]: SIAM Journal on Control and Optimization 45(2), 2006
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Introduction

Known Results

o Q C R2 or R3 has C1! boundary I = y € H3(Q) N H3(Q)
0 yy € L%(Q), ug € L®(Q), yc € L=(Q)

Theorem (Existence of regular Lagrange multipliers)
There exist pj € L(Q2), p € H*(Q) N H3(Q) such that

—Ap=—(y —yq) +p2 onQ
p=20 onl

O0<wupleut+y—y.>0 onQ

{Ong_uZO on

[Résch, Tréltzsch]: SIAM Journal on Control and Optimization 45(2), 2006
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Stability of Optimal Solutions

Overview

@ Stability of Optimal Solutions
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Stability of Optimal Solutions

Stability of Solutions under Perturbations

Perturbed problem setting

.o 1 2 Y 2
Minimize EHy — yd||L2(Q) + 5”“ - UdHL2(Q)
_Ay = Uu on Q
s.t.
y = 0 on [
u>0 on (2
and
eu+y > ye on (2
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Stability of Optimal Solutions

Stability of Solutions under Perturbations

Perturbed problem setting

.o 1 ~y .
Minimize [l — a2y + 2 1u — allZay — (v:91) — (1,2)

. —Ay =u+03 on{
s.t.
y=20 on [

u>0+0d4 onQ
and
EU+Y > Y+ 05 on

How does the optimal solution change with §7
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Stability of Optimal Solutions

Stability of Solutions under Perturbations

Perturbed problem setting

o8 & 1 2 Y 2 ~
Minimize EHy —Ydlli2) + EHU — ud|lz2() — (v, 01) — (u,62)
—Ay =u+03 on{
s.t.
y=0 on

u>0+0d4 onQ
and
EU+Y > Y+ 05 on

@ convergence of discretized solutions

@ convergence of iterative methods for nonlinear problems
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv) + (ys — ya,v) — (01,v) =0 Vv € Hj(Q)
v(us — ug,v) — (ps, v) — (15, v) — (62,v) =0 Vv € [3(Q)
(Vys, Vv) — (us,v) — (63,v) =0 Vv € H3(Q)

0<pus Lus—09,>0 onQ
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, V) + (v5 = ya, v) = (01,v) = 0 Vv € Hy(Q)

v(us — ug,v) — (ps, v) — (15, v) — (62,v) =0 Vv € [3(Q)

(Vys, Vv) — (us,v) — (83,v) =0 Vv € H3(Q)
0§/1,5J_U5—5420 on
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv) + (ys — ya,v) — (01,v) =0 Vv € Hj(Q)
v(us — ug,v) — (ps, v) — (s, v) — (62,v) =0 Vv € [3(Q)
(Vys, Vv) — (us,v) — (63,v) =0 Vv € H}(Q)

0<pus Lus—09,>0 onQ
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv) + (ys — ya,v) — (01,v) =0 Vv € Hj(Q)
v(us — ug,v) — (ps, v) — (15, v) — (02,v) =0 Vv € [3(Q)
(Vys, Vv) — (us,v) — (63,v) =0 Vv € H}(Q)

0<pus Lus—09,>0 onQ
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv) + (ys — ya,v) — (01,v) =0 Vv € Hj(Q)
v(us — ug,v) — (ps, v) — (15, v) — (62,v) =0 Vv € [3(Q)
(Vys, Vv) — (us,v) — (63,v) =0 Vv € H3(Q)

0<pus Lus—09,>0 onQ

Essential estimate

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps,Vv)+ (vs — ya,v) — (01,v) =0 v =ys—yy =: dy
v(us — ug,v) — (ps, v) — (15, v) — (62,v) =0 Vv € [3(Q)
(Vys, Vv) — (us,v) — (03,v) =0 Vv € H3(Q)
0<pus Lus—09,>0 onQ

Essential estimate

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps,Vv)+ (vs — ya,v) — (01,v) =0 v =ys—yy =: dy
v(us — ug,v) — (ps, v) — (15, v) — (62,v) =0 Vv € [3(Q)
(Vys, Vv) — (us,v) — (03,v) =0 Vv € H3(Q)
0<pus Lus—09,>0 onQ

Essential estimate

16y 13 + (Vép, Viy)

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps,Vv)+ (vs — ya,v) — (01,v) =0 v =ys—yy =: dy
(s — g, V) = (P V) = (15, V) — (02, V) =0 v = ts—uy = bu
(Vys, Vv) — (us,v) — (3,v) =0 Vv € H3(Q)
0<pus Lus—09,>0 onQ

Essential estimate

16y 13 + (Vép, Viy)

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps,Vv)+ (vs — ya,v) — (01,v) =0 v =ys—yy =: dy
(s — g, V) = (P V) = (15, V) — (02, V) =0 v = ts—uy = bu
(Vys, Vv) — (us,v) — (3,v) =0 Vv € H3(Q)
0<pus Lus—09,>0 onQ

16y 113 + 7 [|6ull3 + (Vdp, Véy) — (p, Su)
= (01 — 01, dy) + (62 — 5, 6u) + (us — ug, o)

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: Ip
0<pusLus—64>0 onQ

16y113 + ~ [|6ull3 + (Vdp, Véy) — (6p, Su)
= (01 — 01, dy) + (62 — 5, 6u) + (us — ug, o)

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: Ip
0<pusLus—64>0 onQ

16y113 + [l ul13

= (01 — 81, 0y) + (02 — 03, 0u) — (J3 — 03,0p) + (us — uy, o)

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p

0<ps Lu—9,>0 onQ

16y113 + [l ul13

= (01 — 81, 0y) + (02 — 03, 0u) — (J3 — 03,0p) + (us — uy, o)

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

16y113 + [l ul13

< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1615+ loull3

< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)
1 1

< 2160~ 841+ 2163

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1
§H5YH§+7H5UH§
< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)
1
< Lo - 518

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1
§H5YH§+7H5UH§
< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)
1 1 ol
< 3 16 = 818 + - 192 — 3513 + 20wl

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1 Y
L loy13 + 21613
< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)
1 1
< 51161~ a3 + g||52 — 5|l

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1 Y
loyi3 + 21613
< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)

1 1 1
< 5 llox = ol + gllfb = 3ll3 + 1103 = 53[5 + x [|9p] 3

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: 0y

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1 Y
loyi3 + 21613
< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)

1 1 1
< 5 llox = ol + gllfb = 3ll3 + 1103 = 53[5 + x [|9p] 3

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1 g

2 a3+ a3
< (61— 01, 60y) + (52 — 05, 0u) — (53 — 03,0p) + (62 — 64, 0p1)
< alld *5/||2+ ||52 52||2+ ||53*53||2

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps, v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1 g

~ a3+ a3
< (61— 01, 60y) + (52 — 05, 0u) — (53 — 03,0p) + (62 — 64, 0p)
< alld *5/||2+ ||52 52||2+ ||53*53||2

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: 0y

v(us — ug, v) — (ps, v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

1 g

~ a3+ a3
< (61— 01, 60y) + (52 — 05, 0u) — (53 — 03,0p) + (62 — 64, 0p)
< alld *5/||2+ ||52 52||2+ ||53*53||2

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

(Vps, Vv)+ (vs — ya,v) — (01,v) =0 v =ys—ys =: dy

v(us — ug, v) — (ps,v) — (s, v) — (02,v) =0 v =us—uy =: du
(Vys, Vv) — (us,v) — (d3,v) =0 v =ps—ps =: p
0<pusLus—64>0 onQ

v
7
< (51 - 175.}/) + (62 - 5&7(5”) - (53 - 5§’5p) + (54 - (ﬂhéu)
< ald -85+ c ||52*52||2+ ||53 53||2+ ||54*54||2

[Malanowski, Troltzsch]: Control and Cybernetics 29, 2000
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

Theorem (Lipschitz stability)
There exists L > 0 such that
lus — v || 2(q)
< L6 =0l 2
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

Theorem (Lipschitz stability)

There exists L > 0 such that
lus — ust |l () + s — vor llv2 (@)

< L6 =0l 2
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

Theorem (Lipschitz stability)
There exists L > 0 such that
lus — ust |l () + s — vor llv2 (@)
+ llps = pstll 2 + s — s llize) < LI — 0|l 2(0)
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

Theorem (Lipschitz stability)
There exists L > 0 such that
lus — ust |l () + s — vor llv2 (@)
+ llps = pstll 2 + s — s llize) < LI — 0|l 2(0)

Mixed constraints only
@ same technique for cu+y > y. + 05
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Stability of Optimal Solutions

Standard Approach: Control Constraints Only

Theorem (Lipschitz stability)
There exists L > 0 such that
lus — ust |l () + s — vor llv2 (@)
+llps — psrll 12(0) < L6 =0l 2

Mixed constraints only
@ same technique for cu+y > y. + 05

State constraints only

@ same technique for y > y. + Js
@ Lagrange multiplier only a measure

@ only L? estimate for adjoint state

[Griesse]: Journal of Analysis and its Applications 25, 2006
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Stability of Optimal Solutions

Standard Approach for Mixed and Control Constraints?

(Vps, Vv) + (v5 — yd: v) = (2,5, v) — (61,v) =0 Vv -

(s — g, ) = (93 V) — (15, V) — 2 (1125, V) — (B2, v) = 0 V-
(Vys, Vv) — (us,v) — (d3,v) =0 Vv--

0<pisLus—094>0 onQ

0<jposLleus+ys—yc—05>0 onQ
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Stability of Optimal Solutions

Standard Approach for Mixed and Control Constraints?

(Vps, Vv) + (vs — Yd,v) — (12,5, v) — (01,v) =0 Vv--

Y(us — ug,v) — (ps,v) — (t15,v) —€(p2,5,v) — (62,v) =0 Vv--
(Vys, Vv) — (us,v) — (d3,v) =0 Vv--

0<pisLus—094>0 onQ

0<jposLleus+ys—yc—05>0 onQ
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Stability of Optimal Solutions

Standard Approach for Mixed and Control Constraints?

(Vps, Vv) + (vs — yd, v) — (2.6, v) — (61,v) =0 Vv--

Y(us — ug,v) — (ps,v) — (t15,v) —€(p2,5,v) — (62,v) =0 Vv--
(Vys, Vv) — (us,v) — (d3,v) =0 Vv--

0<pisLus—094>0 onQ

0<pps Leus+ys—yc—05 >0 onQ

18y 113+ 16ul3
< (61 — 81, 0y) + (62 — 03, 0u) — (3 — 03, 0p) + (da — 0, Op11)
+ (55 - 55/37 5M2)
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Stability of Optimal Solutions

Standard Approach for Mixed and Control Constraints?

(Vps, Vv) + (vs — yd, v) — (2,6, v) — (61,v) =0 Vv--

Y(us — ug,v) — (ps,v) — (15, v) —€(p2,6,v) — (62,v) =0 Vv--
(Vys, Vv) — (us,v) — (d3,v) =0 Vv--

0<pisLus—094>0 onQ

0<pps Leus+ys—yc—05 >0 onQ

18y 113+ 16ul3
< (61 — 81, 0y) + (62 — 03, 0u) — (33 — 03, 0p) + (04 — 0g, 611)
+ (55 - 55/37 5M2)
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Stability of Optimal Solutions

Standard Approach for Mixed and Control Constraints?

(Vps, Vv) + (vs — ya: v) — (2,5, v) — (d1,v) =0 Vv -

Y(us — ug, v) = (ps, v) = (p1,6, v) — € (25, v) = (62,v) =0 Vv--
(Vys, Vv) — (us,v) — (d3,v) =0 Vv--

0<pisLus—094>0 onQ

0<pps Leus+ys—yc—05 >0 onQ

16y (13 + v l5ul13
< (61— 0y, 0y) + (02 — 0y, 6u) — (03 — 03,0p) + (04 — 0y, 1)
+ (85 — 85, 6u2)  ~»  dead end
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Stability of Optimal Solutions

A Partial Explanation: Non-Uniqueness

... 1 2l -
Minimize EHyH%Q(Q) + EHU — (= Ye+ 51))”%2(9)

—Ay =u on
s.t. ~ S
y=0 onl

u>0 onQ
and
eu+y >0 onQ

Solution and Lagrange multipliers

(S1,0,1)
(0, + $1,0)

y:UEO, (phuflvNZ):{
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Stability of Optimal Solutions

An Additional Assumption

Adjoint and gradient equations

—Ap=—(y—yg)+p+d6 onQ, p=0 onl
ptepp=vy(U—ug)—d2—p onQ
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Stability of Optimal Solutions

An Additional Assumption

Adjoint and gradient equations

—Ap=—(y—yg)+p+d6 onQ, p=0 onl
ptepp=vy(U—ug)—d2—p onQ

Suppose supp 1 C Sy and supp i C Sy and SN Sy = 0.
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Stability of Optimal Solutions

An Additional Assumption

Adjoint and gradient equations

—Ap=—(y—y4g)+tp2+d6 onQ, p=0 onl
p1 =7(u—ug)—d2—p onQ

Suppose supp 11 C S and supp o € Sp and S1 NS, = 0.

onS1: pm=vyWw—uy)—d2—p
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Stability of Optimal Solutions

An Additional Assumption

Adjoint and gradient equations

—Ap=—(y—yg)+p+d6 onQ, p=0 onl
epo=7(u—ug)—62—p onQ

Suppose supp 11 C S and supp o € Sp and S1 NS, = 0.

onSy: pur=7vy(u—ug)—3—p
onSy: eup=v(u—ug)—d2—p
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Stability of Optimal Solutions

An Additional Assumption

Adjoint and gradient equations

—Ap=—(y—y4g)+tp2+d6 onQ, p=0 onl
ptepp=vy(U—ug)—d—p onQ

Suppose supp 11 C S and supp o € Sp and S1 NS, = 0.

onSy: pur=7vy(u—ug)—3—p
onSy: eup=v(u—uy)—d2—p
= —Ap+e 'xs,p
=—(y —ya) + e x5, (v (u — ug) — 62) + 61
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Stability of Optimal Solutions

An Additional Assumption

Adjoint and gradient equations

—Ap=—(y—y4g)+tp2+d6 onQ, p=0 onl
ptepp=vy(U—ug)—d—p onQ

Suppose supp 11 C S and supp o € Sp and S1 NS, = 0.

onSy: pur=7vy(u—ug)—3—p
onSy: eup=v(u—uy)—d2—p
= —Ap+e 'xs,p
=—(y —ya) + e x5, (v (u — ug) — 62) + 61

[Malanowski]: Dissertationes Mathematicae (394), 2001
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Stability of Optimal Solutions

An Additional Assumption

How to define S; and S,7

{xeQ:0<u —é4 }
{xeQ:0<eu+y —y.—95 }
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Stability of Optimal Solutions

An Additional Assumption

How to define S; and S,7

5] ={x€Q:0<u—-6<0}
S3={xeQ:0<cu+y —y.—05<0}
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Stability of Optimal Solutions

An Additional Assumption

How to define S; and S,7

ST={x€Q:0<u —-64 <0} = supp 11 C S7
S ={xeQ:0<cu+y —yc—0s <o} = supppuxC55
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Stability of Optimal Solutions

An Additional Assumption

How to define S; and S,7

ST={x€Q:0<u —-64 <0} = supp 11 C S7
S ={xeQ:0<cu+y —yc—0s <o} = supppuxC55

S9N S§ = () < separate the multipliers < separate the active sets

V.
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Stability of Optimal Solutions

An Additional Assumption

How to define S; and S,7

ST={x€Q:0<u —-64 <0} = supp 11 C S7
S ={xeQ:0<cu+y —yc—0s <o} = supppuxC55

S9N S§ = () < separate the multipliers < separate the active sets

Restrictive assumption?
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Stability of Optimal Solutions

An Additional Assumption

How to define S; and S,7

S5={xeQ:0<uy—-0 <g} = supp 11 C S7
S ={xeQ:0<cuw+yw—y.—0 <o} =supppu,CS3

S9N SY = () < separate the multipliers < separate the active sets

Restrictive assumption?
Demand this only at § = 0!
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Stability of Optimal Solutions

An Additional Assumption

How to define S; and S,7

S{={xeQ:0<uy—-0 <o} = supp 11 C S7
S ={x€Q:0<cuw+y—y.—0 <o} =suppu»CS;

S9N SY = () < separate the multipliers < separate the active sets

Restrictive assumption?
Demand this only at § = 0!

Immediate consequence of Sy NSy =0

Multipliers ;o and adjoint state py are unique.
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Stability of Optimal Solutions

An Auxiliary Problem

Ensure constraints to be separated

.1 Y
Minimize >y = yal3s(q) + 210 = uala(@) — (v,62) = (,32)

. —Ay =u+d3 on{
s.t.
y=20 on

>0
and{ v=204

6u+y2yc+55
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Stability of Optimal Solutions

An Auxiliary Problem

Ensure constraints to be separated

o] 2 g 2
Minimize EHy —Ydlliz) + E”U — ud||z2(q) — (v, 01) — (u,62)
{—Ay— u+4d3 onQ
S.t.

y=20 on
u> 0g on 57
and
eu+y>yc+0ds onS3
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Stability of Optimal Solutions

An Auxiliary Problem

Ensure constraints to be separated

ool 2 g 2
Minimize EHy —Ydlliz) + E”U — ud||z2(q) — (v, 01) — (u,62)
{—Ay— u+4d3 onQ
s.t.

y=20 on
u> 0g on 57
and
eu+y>yc+0ds onS3

Consequence
Multipliers 1 s and adjoint state ps are unique.
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Stability of Optimal Solutions

Stability for the Auxiliary Problem

Recall the estimate

16y 113 + v l|oull3
< (01 — 01, 0y) + (62 — 03, 6u) — (83 — 83,0p) + (04 — &4, 0p11)
+ (65 — 05, 012)

Roland Griesse Elliptic OCPs with Mixed Constraints



Stability of Optimal Solutions

Stability for the Auxiliary Problem

Recall the estimate

16y 13+ l[dull3
< (01 = 01, 0y) + (02 — 3, 0u) — (33 — 93,0p) + (94 — 03, 01)
+ (65 — 8,8u2) ~»  can estimate now
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Stability of Optimal Solutions

Stability for the Auxiliary Problem

Recall the estimate

16y 13+ l[dull3
< (01 = 01, 0y) + (02 — 95, 0u) — (33 — 93, 0p) + (94 — 03, 01)
+ (65 — 0, 812) ~»  can estimate now

Theorem (Lipschitz stability for the auxiliary problem, Part 1)
There exists L > 0 such that
lus — usr [ 2y +NYs — Yo'l o) +IPs — Psll (@)
Fllpas — 15 lize) s — p2slliz) < LIG—6'lli2)
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Stability of Optimal Solutions

Stability for the Auxiliary Problem

Recall the estimate

16y 13+ l[dull3
< (01 = 01, 0y) + (02 — 95, 0u) — (33 — 93, 0p) + (94 — 03, 01)
+ (65 — 0, 812) ~»  can estimate now

Theorem (Lipschitz stability for the auxiliary problem, Part 1)
There exists L > 0 such that
lus — usr [ 2y +NYs — Yo'l o) +IPs — Psll (@)
Fllpas — 15 lize) s — p2slliz) < LIG—6'lli2)

Estimate in L°°($2) for the control?
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Stability of Optimal Solutions

Stability for the Auxiliary Problem

Projection formula

U1+ e = max{O,'y (max{54,5_1(yc + J5 —y)} —ud) —p —52}
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Stability of Optimal Solutions

Stability for the Auxiliary Problem

Projection formula

U1+ e = max{O,'y (max{54,5_1(yc + J5 —y)} —ud) —p —52}
§€Z=1%Q) x L®(Q) x L2(Q) x L=(Q) x L°(Q)
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Stability of Optimal Solutions

Stability for the Auxiliary Problem

Projection formula
U1+ e = max{O,'y (max{54,5_1(yc + 5 — y)} —ud) —p —52}

§eZ=1%Q) x L®(Q) x [2(Q) x L=(Q) x L(Q)
u:y’l(p—kul—i—s,ug—kéz) + ug € L(Q)
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Stability of Optimal Solutions

Stability for the Auxiliary Problem

Projection formula

U1+ e = max{O,'y (max{54,5_1(yc + J5 —y)} —ud) —p —52}
§eZ=1%Q) x L®(Q) x [2(Q) x L=(Q) x L(Q)
u:v’l(p—kul—i—s,ufrég) + ug € L(Q)

Theorem (Lipschitz stability for the auxiliary problem, Part 2)
There exists L > 0 such that
lus — ugr[| o= () +lys — vor | o) +1lps — Porll H2()
s = prs o @) 2 — p2s o) < LIS =82
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Stability of Optimal Solutions

Main Result: Back to Original Problem

Key observation

Owing to L>°(2) estimate . ..
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Stability of Optimal Solutions

Main Result: Back to Original Problem

Key observation

Owing to L*°(2) estimate ... for sufficiently small ¢,
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Stability of Optimal Solutions

Main Result: Back to Original Problem

Key observation

Owing to L*°(2) estimate ... for sufficiently small 4,

us > 04 on €2
eus+ ys > ye + 05 on Q.
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Stability of Optimal Solutions

Main Result: Back to Original Problem

Key observation

Owing to L*°(2) estimate ... for sufficiently small 4,

us > 04 on
cus+ ys > yc + 05 on Q.

The solutions of the auxiliary and original problems coincide.
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Stability of Optimal Solutions

Main Result: Back to Original Problem

Key observation

Owing to L*°(2) estimate ... for sufficiently small 4,

us > 04 on
cus+ ys > yc + 05 on Q.

The solutions of the auxiliary and original problems coincide.

Theorem (Lipschitz stability)
Let [|6]| and [|5']| < g(o).

[Alt, Griesse, Metla, Rdsch]: submitted, 2006
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Stability of Optimal Solutions

Main Result: Back to Original Problem

Key observation

Owing to L*°(2) estimate ... for sufficiently small 4,

us > 04 on
cus+ ys > yc + 05 on Q.

The solutions of the auxiliary and original problems coincide.

Theorem (Lipschitz stability)
Let ||6]| and ||¢'|| < g(o). There exists L > 0 such that

lus — ugr || oo () + 1ys — Ysrll 2y + lPs — Pstll 2 (a)
+ 15 — pa5r o) + 2,6 — p2,slloo@) < LI — 0|2

[Alt, Griesse, Metla, Rdsch]: submitted, 2006
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Concluding Remarks

Concluding Remarks

@ optimal control problem with mixed and control constraints

@ Lagrange multipliers exist but may be non-unique
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Concluding Remarks

Concluding Remarks

@ optimal control problem with mixed and control constraints

@ Lagrange multipliers exist but may be non-unique

@ idea: separate the active sets
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Concluding Remarks

Concluding Remarks

@ optimal control problem with mixed and control constraints
@ Lagrange multipliers exist but may be non-unique

@ idea: separate the active sets

@ stability for an auxiliary problem
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Concluding Remarks

Concluding Remarks

@ optimal control problem with mixed and control constraints

@ Lagrange multipliers exist but may be non-unique
@ idea: separate the active sets

@ stability for an auxiliary problem

e stability for original problem (owing to L estimate)
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