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1. Well-known facts

Let (M"™, g) be a timeoriented Lorentzian man-
ifold (spacetime), let E — M be a R-vector
bundle.

Definition 1 A normally hyperbolic operator on
E is a 29 order differential operator P on E
of the form

P :=V*V + B,
where V is a connection on E
B e C°(M,End(FE)).

Ex.: d’Alembert O, (Dirac)?.

Definition 2 Let P be a normally-hyperbolic
operator on E. The wave-equation associated
to P is

Pu=f

for a given f € C°°(M, E) (and with conditions
on supp(u)).



Definition 3 A (connected) spacetime (M, g)
is called globally hyperbolic iff it contains a
smooth spacelike Cauchy-hypersurface S

| every inextendible timelike curve in M meets
S exactly once ].

(<= (M,g) = (RxS,—Bdt?® g;) with smooth
8. M — R, smooth 1-parameter family of
Riemannian metrics g+ on S, and each {t} x S
is a spacelike Cauchy hypersurface in M.)

Ex.: (M,g) := (I x S,—dt?2 @ f(t)?gg) where
f:I— ]R{i smooth and (S, gg) complete Rie-
mannian manifold

= Minkowski, Robertson-Walker, deSitter spa-
cetimes are globally hyperbolic.

C.-eXx.: compact spacetimes, Anti-deSitter spa-
cetime

11
(M, g) == (R x S 1,x—2(—dt2 P cansi_l)).
mn
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Theorem 4 Let M be a globally hyperbolic
spacetime and let S C M be a smooth spacelike
Cauchy hypersurface with future-directed (ti-
melike) unit normal vector field v.

i) ¥ (f,up,u1) € D(M,E) ®D(S,E) ® D(S, E),
1y € C°(M, E) s.t.

Pu =F¥
u|S — UuQ (1)
Vou = ujq.

Moreover, supp(u) C JY (K) U JM(K) whe-
re K := supp(ug) Usupp(uq) Usupp(f).

i) D(M, E) ® D(S,E) & D(S,E) — C>®(M, E)
(f,uo,u1> — U,

where uw € C*°(M, E) is the solution of (1),
is linear continuous.



Definition 5 A linear map
G+ :D(M,E) — C>*°(M, E)

is called advanced (+) resp. retarded (-)
Green's operator for P iff it satisfies:

i) supp(Gyp) C JM (supp(yp)) forallp € D(M,E).

Theorem 6 For any globally hyperbolic space-
time M and any normally-hyperbolic operator
P there exist unique advanced and retarded

Green’s operators G4 and G_ for P.
They satisfy:

o If P = P* then (G+)* = G=.
e [ he sequence

0 DM, E) L DM, E) & c2(Mm, E) L c2(M, E)

iIs an exact complex, where G := G+ —G_.
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2. Quantization functors

2.1 Categories

Category Objects Morphisms
GlobHyp (M, E, P) where (f, F) with

- E— M (real)v.b. | @) BB

with indef. (- ,-) My - Mo

and form. s.-a.

- Pnorm. hyp. op.

b)  D(My, E)) EED(Ms,, E)
Pll lPQ
D(Ma, E1) €~ D(Ma, E»)

LorFund (M,E,P,G+)
with (G)* = G

- M7 glob. hyp. = as above
- M1 not glob. hyp. =
@ or {(idp,,idE,)}

SymplVec (V,w) symplectomorphisms
C*Aaly (A, ] -], *) C*-alg.-morphisms
with 1 inj., preserving 1




2.2 Functors

e Functor SOLVE : GlobHyp — LorFund :

SOLVE(M, E,P) :=(M,E,P,Gy)

SOLVE(f, F) = ([, F)

e Functor SYMPL : LorFund — SymplVec:

SYMPL(M,E,P,Gx) := (D(M,E)/ker(G), [,,(G-,-)dvy)

SYMPL(f, F) = ext
where ext : D(Mi, E1)/ker(G1) — D(Ma, E>) /ker(G2).

e Functor CCR : SymplVec — C*A4ly:

CCR(V,w) := CCR repr. of (V,w)
‘ CCR(S) =8
where
CCR(Vi,w1) -2~ CCR(Va, w»)
WlT TWQ
|41 S Vo




* Here CCR(V,w) = C*({W(p), ¢ € V}), where the
map W : V — L(L?(V,C)) is defined by

- w(p,)

(W(p)F)(¢) :=e" 2 Flp+ )
for all F € L?(V,C) and ¢,y € V.
* W is a Weyl system for (V,w), i.e., W(0) = 1,

- w(p,)

W(—p) =W(p)*and W(p+v) =¢€"=2 W(p) W ().

* W is the “smallest” Weyl system: CCR(V,w)

X |3

V A

T heorem 7 Those functors are well-defined.

GlobHyp SymplVec CCR C*Aaly
SOLVE
SYMPL
LorFund



