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A class of second-order systems
Minimum-phase systems

Motivation and Framework
Example

Second-order systems: Framework

z̈(t) + A0z(t) + Dż(t) = B0u(t), t ≥ 0,

z(0) = z0, ż(0) = w0,

y(t) = B∗
0z(t)

A0 : D(A0) ⊂ H → H is selfadjoint with 〈A0x , x〉 ≥ γ‖x‖2.

H1/2 = D(A1/2
0 ) with ‖x‖1/2 := ‖A1/2

0 x‖, H−1/2 = H
||A−1/2

0 · ||

A0 can be extended to an operator: H1/2 → H−1/2

D ∈ L(H1/2, H−1/2) with A−1/2
0 DA−1/2

0 ∈ L(H) selfadjoint
and non-negative.
B0 ∈ L(Cm, H−1/2).

∃β > 0 : 〈Dz, z〉H−1/2×H1/2 ≥ β‖B∗
0z‖2, ∀z ∈ H1/2.
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A class of second-order systems
Minimum-phase systems

Motivation and Framework
Example

Second-order systems

z̈(t) = A0z(t) + Dż(t) = B0u(t)
z(0) = z0, ż(0) = w0

y(t) = B∗
0z(t)

is equivalent to

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

A =

(
0 I

−A0 −D

)
, B =

(
0

B0

)
, C =

(
B∗

0 0
)

x(t) =

(
z(t)
ż(t)

)
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ż(t)

)
Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Motivation and Framework
Example

Second-order systems

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

- A : D(A) ⊂ H1/2 × H → H1/2 × H
- B : Cm → H1/2 × H−1/2
- C : H1/2 × H → Cm

A =

(
0 I

−A0 −D

)
, B =

(
0

B0

)
, C =

(
B∗

0 0
)

D(A) =

{(
z
w

)
∈ H1/2 × H1/2 | A0z + Dw ∈ H

}
Th.[BI’88, L’89, CLL’98, HS’03, TW’03]:
A generates a C0-semigroup of contractions on H1/2 × H.
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A class of second-order systems
Minimum-phase systems

Motivation and Framework
Example

Topics of this Talk

Determine
spectrum of A,
essential spectrum,
intervals with no accumulation of non-real spectrum,
no spectrum on iR
Example and Minimum Phase
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A class of second-order systems
Minimum-phase systems

Motivation and Framework
Example

Spectrum of the operator A

First result
Th.[TW’03]:

{0} ∪ C0 ⊂ ρ(A),

A =

(
0 I

−A0 −D

)

A∗ =

(
1 0
0 −1

)
A

(
1 0
0 −1

)
,

hence
σ(A) = σ(A).

ρ(A)

Question: Spectrum of A arbitrary in the closed left half plane?
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Minimum-phase systems

Motivation and Framework
Example

Spectrum of A arbitrary?

Answer: YES.

Th.:
For each ε > 0 there exist an uniformly positive operator Ao and
a operator D such that σ(A) = {s ∈ C− | |s| ≥ ε}.

ρ(A)σ(A)

Therefore: We have to impose additionally conditions.

Jacob, Trunk
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In detail:

Let H = L2(0,∞) and let (qj) ⊂ R with (qj) = Q. Set

a(x) := qj if j − 1 ≤ x < j , j ∈ N,

d(x) :=


1

x−j+1 − 1 if j − 1 ≤ x < j and |qj | ≥ ε,

1
x−j+1 − 1 +

√
ε2 − q2

j if j − 1 ≤ x < j and |qj | < ε.

Define ao(x) := a(x)2 + d(x)2, x ∈ [0,∞).

(Aof )(x) := ao(x)f (x), x ∈ [0,∞),

(Df )(x) := 2d(x)f (x), x ∈ [0,∞), f ∈ H1/2,

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Motivation and Framework
Example

Spectrum of the operator A

Th.[BI’88, CLL’98, HS’03, TW’03]:
Assume 〈Dz, z〉 ≥ β||z||2, “D is large.” Then

{λ ∈ C | Re λ > −β

2
, Im λ 6= 0} ⊂ ρ(A).

−β
2

ρ(A)
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Example

Spectrum of the operator A

Th.:
Assume 〈Dz, z〉 ≥ γ||z||2H1/2

≥ γ||z||2, “D is very large.”
Then

Then there exists a < 0:

σ(A) ⊂ (−∞, a] ∪ {λ | Re λ ≤ a, (Im λ)2 ≤ −2γRe λ− (Re λ)2}

ρ(A)

Jacob, Trunk
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Motivation and Framework
Example

Spectrum and essential spectrum of the operator A

Th.:
Set

α1 :=
1

2‖A−1
o ‖

min σess(A−1
o D).

Then

σess(A) ⊂ (−∞, 0) ∪ {λ ∈ C | Re λ ≤ −α1}.

Non-real spectrum does not accumulate to

(−α1, 0)

.

−α1

ρ(A)

Jacob, Trunk
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Motivation and Framework
Example

Spectrum and essential spectrum of the operator A

Th. :
Assume A−1

0 is compact Then

σess(A) = {λ | λ−1 ∈ σess(−A−1
0 D)}

σ(A) = σess(A) ∪ σp,norm(A)

σess(A) is not an accumulation point of

σ(A) ∩ (C\R)

ρ(A)
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Minimum-phase systems

Motivation and Framework
Example

Spectrum and essential spectrum of the operator A

Th. [CLL’98]:
Assume A−1

0 is compact and
〈Dz, z〉 > 0 for any eigenvector z of A0. Then

σess(A) = {λ | λ−1 ∈ σess(−A−1
0 D)}

σ(A) = σess(A) ∪ σp,norm(A)

σess(A) is not an accumulation point of

σ(A) ∩ (C\R)

σ(A) ∩ iR = ∅

ρ(A)

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Motivation and Framework
Example

Euler-Bernoulli beam equation: Kelvin-Voigt damping

thin film of piezoelectric polymer

ξ = 0 ξ = 1
u(t)=̂ voltage

wtt(ξ, t) + Ewξξξξ(ξ, t) + Cdwξξξξt(ξ, t) = 0
w(0, t) = 0, Ewξξ(1, t) + Cdwξξt(1, t) = u(t)

wξ(0, t) = 0, Ewξξξ(1, t) + Cdwξξξt(1, t) = 0
y(t) = wξ(1, t)

E , Cd are positive constants, ξ ∈ (0, 1) and t > 0

Jacob, Trunk
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Motivation and Framework
Example

Euler-Bernoulli beam equation: Kelvin-Voigt damping

wtt(ξ, t) + Ewξξξξ(ξ, t) + Cd wξξξξt(ξ, t) = 0

w(0, t) = 0, Ewξξ(1, t) + Cd wξξt(1, t) = u(t)

wξ(0, t) = 0, Ewξξξ(1, t) + Cd wξξξt(1, t) = 0

y(t) = wξ(1, t)

can be written as

z̈(t) + A0z(t) + Dż(t) = B0u(t), z(0) = z0, ż(0) = w0
y(t) = B∗

0z(t)

with: A0 := E d4

dξ4 , D = Cd
E A0, B0 = δ′(1),

z(t) ∈ H = L2(0, 1).

z(t)(ξ) = w(ξ, t)

Jacob, Trunk
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Motivation and Framework
Example

Euler-Bernoulli beam equation: Kelvin-Voigt damping

A0 := E d4

dξ4 , D = Cd
E A0, B0 = δ′(1),

D(A0) = {w ∈ H4(0, 1) | w(0)=w ′(0)=w ′′(1)=w ′′′(1)=0}.

〈Dz, z〉 = Cd
E 〈A0z, z〉 = Cd

E ||z||
2
H1/2

“D is very large”

A0 has compact resovent

σess(A) = {−E/Cd}

σ(A)\R consists of at
most finitely many isolated
normal eigenvalues

ρ(A)

Jacob, Trunk
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Transfer function of the second-order system

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

A =

„
0 I
−A0 −D

«
, B =

„
0
B0

«
, C =

`
B∗0 0

´

The transfer function of the system (A, B, C) is given by

G(s) = B∗
0 (s2I + sD + A0)

−1︸ ︷︷ ︸
∈L(H−1/2,H1/2)

B0, s ∈ ρ(A).

G ∈ H∞(C0; Cm×m)

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Transfer function
Minimum-phase systems

Transfer function of the second-order system
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When is a system minimum-phase?

Transfer function of the second order system

G(s) = B∗
0(s2I + sD + A0)

−1B0, s ∈ C0

Definition
System (A, B, C) is minimum-phase

⇐⇒
G ∈ H∞(C0, Cm×m) and

{G(·)f (·) | f ∈ H2(C0; Cm)}
H2(C0;Cm)

= H2(C0; Cm)

H2(C0; Cm) is the Hardy space on C0

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Transfer function
Minimum-phase systems

When is a system minimum-phase?

Transfer function of the second order system

G(s) = B∗
0(s2I + sD + A0)

−1B0, s ∈ C0

Definition
System (A, B, C) is minimum-phase

⇐⇒
G ∈ H∞(C0, Cm×m) and

{G(·)f (·) | f ∈ H2(C0; Cm)}
H2(C0;Cm)

= H2(C0; Cm)

H2(C0; Cm) is the Hardy space on C0

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Transfer function
Minimum-phase systems

Why is miminum-phase important?

Infinite-dimensional systems

The minimum-phase property is important for
PI-controller and high-gain control
Logemann and Owens 1987, Logemann and Zwart 1992,
Nikitin and Nikitina 1999, Kobayashi 2001, 2001, 2002,...
Sensitivity minimization

It is important to know which systems are minimum-phase

Jacob, Trunk
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Transfer function
Minimum-phase systems

Checkable condition for minimum-phase

Let G ∈ H∞(C0; Cm×m).

Sufficient condition
Assume

snG(s) 6→ 0 as s →∞ for some n
G can be extended analytically over the imaginary axis.

Then

G minimum-phase ⇐⇒ det G has no zeros in C0

Jacob, Trunk
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Minimum-phase behaviour: Second order system

Transfer function of the second order system

G(s) = B∗
0(s2I + sD + A0)

−1B0, s ∈ C0

Main result 1
If

B0 is injective,
〈Dz, z〉 ≥ β‖z‖2 for any z ∈ H 1

2
for some β > 0.

then
G is minimum-phase and det G has no zeros on iR.

Transfer function of the Euler-Bernoulli beam is
minimum-phase.

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Transfer function
Minimum-phase systems

Minimum-phase behaviour: Second order system

Transfer function of the second order system

G(s) = B∗
0(s2I + sD + A0)

−1B0, s ∈ C0

Main result 1
If

B0 is injective,
〈Dz, z〉 ≥ β‖z‖2 for any z ∈ H 1

2
for some β > 0.

then
G is minimum-phase and det G has no zeros on iR.

Transfer function of the Euler-Bernoulli beam is
minimum-phase.

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Transfer function
Minimum-phase systems

Minimum-phase behaviour: Second order system

Transfer function of the second order system

G(s) = B∗
0(s2I + sD + A0)

−1B0, s ∈ C0

Main result 2
If

B0 is injective,
A−1

0 is compact,
〈Dz, z〉 > 0 for any eigenvector z of A0.

then
G is minimum-phase and det G has no zeros on iR.

Jacob, Trunk



A class of second-order systems
Minimum-phase systems

Transfer function
Minimum-phase systems

Thank you

Jacob, Trunk
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