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Hypoelliptic Kolmogorov (Ornstein-Uhlenbeck) operators

• u : Rd → R, x ∈ Rd

Lu(x) =
1

2

d∑
i,j=1

qijDiju(x) +

d∑
i,j=1

bijxjDiu =
1

2
Tr(QD2u(x)) + 〈Bx,Du(x)〉

• Q, B n× n matrices, Q ≥ 0, Q possibly degenerate

• Define Qt :=

∫ t

0

esBQesB∗
ds

• L is hypoelliptic if det Qt 6= 0 for all/some t > 0

• NetBx,Qt
Gaussian measures with

– covariance operator Qt

– mean etBx

– all are absolutely continuous with respect to the d-dimensional Lebesgue

measure

density:
1

(2π)d/2(det Qt)1/2
e−

1
2〈Q

−1
t (etBx−·),etBx−·〉
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The Kalman rank condition

Hypoellipticity

m
Kalman rank condition

[Q1/2, BQ1/2, B2Q1/2, . . . , Bn−1Q1/2] has rank d, for some n ≤ d

Take n the smallest possible

Define

• Vh := Range Q1/2 + Range BQ1/2 + · · · + Range BhQ1/2 for h = 0, . . . , n− 1

• W0 := V0, Wh := Vh 	 Vh−1 if h = 1, . . . , n− 1

then Rd = W0 ⊕W1 ⊕ · · · ⊕Wn−1

take ONB in Wh −→ ONB {e1, . . . , ed} in Rd

for h = 0, . . . , n− 1 let Ih the set of indices i with ei ∈ Wh
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Infinitesimally invariant measures

A µ Borel probability measure on Rd is infinitesimally invariant if∫
Rd

Lu dµ = 0

for all u ∈ C2
b (Rd)

• For u ∈ C2
b (Rd): L(u2) = 2uLu + 〈QDu, Du〉

• Integrating with respect to µ

0 =

∫
Rd

L(u2) dµ =

∫
Rd

2uLu dµ +

∫
Rd

L(u2)〈QDu, Du〉 dµ

⇓

〈Lu, u〉L2(Rd,µ) =

∫
Rd

uLu dµ = −1

2

∫
Rd

〈QDu, Du〉 dµ ≤ 0

• =⇒ L : D(L) := C2
b (Rd) → L2(Rd, µ) is dissipative

• (L, D(L)) is its closure in L2(Rd, µ)
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An example

A special case is:

Lu(x, y) =
1

2
uxx(x, y)− (x + y)ux(x, y) + xuy(x, y)

=
1

2
Tr(QD2u(x, y)) + 〈B(x, y)>, Du(x, y))〉

• Q =

(
1 0

0 0

)
, B =

(
−1 −1

1 0

)
, [Q1/2, BQ1/2] =

(
1 0 −1 0

0 0 1 0

)
• n = 2, W0 = R× {0}, W1 = {0} × R

• e1 = (1, 0)>, e2 = (0, 1)>, I0 = {1}, I1 = {2}

The invariant measure has density with respect to the Lebesgue measure λ:
dµ

dλ
(x, y) = e−(x2+y2)
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Maximal regularity
Question.

• If g : Rd → R and λf −Lf = g, λ > 0 which regularity properties does f have?

Answer 1 Q invertible:

• L2(Rd, µ) setting: D(L) = H2(Rd, µ)

A. Lunardi, G. Da Prato

• Lp(Rd, µ) setting: D(L) = W 2,p(Rd, µ)

G. Metafune, J. Prüß, A. Rhandi, R. Schnaubelt

Answer 2 Special case

Lu(x, y) =
1

2
uxx(x, y)− (x + y)ux(x, y) + xuy(x, y)

• g ∈ L2
loc(R2), λf − Lf = g =⇒ f ∈ H

2,2/3
loc (Rd)

E. M. Stein, L. Rothschild, G. B. Folland

• Cb(Rd) setting: D(L) ⊆ C
2,2/3
b (Rd)

A. Lunardi
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The Ornstein–Uhlenbeck semigroup

For f ∈ L2(Rd, µ), x ∈ Rd define

(T (t)f )(x) :=

∫
Rd

f dNetBx,Qt

=
1

(2π)d/2(det Qt)1/2

∫
Rd

e−
1
2〈Q

−1
t y,y〉f (etBx− y) dy

Theorem. The operators T (t) are

• contractive,

• positivity preserving,

• and form a strongly continuous semigroup on L2(Rd, µ)

– T (0) = Id, T (t + s) = T (t)T (s) for t ≥ 0

– t 7→ T (t)f is continuous for all f ∈ L2(H, µ)

• whose infinitesimal generator is (L, D(L))
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The main result I.

Theorem. For

Lu(x, y) =
1

2
uxx(x, y)− (x + y)ux(x, y) + xuy(x, y)

we have D(L) ⊆ H2,2/3(Rd, µ)

For the proof:

• An abstract interpolation result

• Gradient estimates

• Weighted, anisotropic, fractional Sobolev spaces
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An interpolation lemma

Theorem. [A. Lunardi]

• X, E Banach spaces, E ⊆ X

• (T (t))t≥0 a C0-sgrp. in X, generator (A, D(A))

• m ∈ N and ∃ 0 < β < 1, ω ∈ R, c > 0 such that

‖T (t)‖L(X,E) ≤
ceωt

tmβ
for t > 0

Then

(X,D(Am))θ,p ⊂ (X,E)θ/β,p for all θ ∈ (0, β) and 1 ≤ p ≤ ∞
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Gradient estimates
Lemma. For ω > 0 there exist a constant c such that

‖D6
xT (t)f‖2 ≤

ceωt

t3
‖f‖2, ‖D2

yT (t)f‖2 ≤
ceωt

t3
‖f‖2

for all t ∈ (0, +∞), f ∈ L2(R2, µ).

This means for f ∈ L2(R2, µ), t > 0

T (t)f ∈ H6,2(R2, µ) and ‖T (t)‖L(L2,H6,2) ≤
ceωt

t3

=⇒ the Lemma is applicable

• X = L2(R2, µ), E = H6,2(R2, µ)

• take m = 4, θ = 1/4, β = 3/4, p = 2

(L2, D(L4))1/4,2 ⊆ (L2, H6,2)1/3,2

• (L2, D(L4))1/4,2 = D(L), and (L2, H6,2)1/3,2 = H2,2/3(R2, µ)

so D(L) ⊆ H2,2/3(R2, µ)
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The main result II.

Theorem. [B. Farkas, A. Lunardi]

Let k ∈ N. For the domain of the Ornstein–Uhlenbeck operator L we have

D(Lk) ⊆ H2k, 2k/3, 2k/5,..., 2k/(2n−1)(Rd, µ)

D(L) ⊆ H2, 2/3, 2/5,..., 2/(2n−1)(Rd, µ)

• g ∈ L2
loc(R2), λf − Lf = g =⇒ f ∈ H2

loc(Rd) w.r.t. I0

G. B. Folland

• g ∈ L2
loc(R2), λf − Lf = g =⇒ f ∈ H

2/(2n−1)
loc (Rd) w.r.t. In−1

E. M. Stein, L. Rothschild

• Cb(Rd) setting: D(L) ⊆ C
2,2/3,2/5,...,2/(2n−1)
b (Rd)

A. Lunardi
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