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Hypoelliptic Kolmogorov (Ornstein-Uhlenbeck) operators

o u: R 5 R, x € RY

d d
Lu(x) = % Z qi; Diju(x) + Z bijxiDiu = %Tr(QDQU(:U)) + (Bx, Du(z))

ij=1 ij=1
e (), Bn xn matrices, () > 0, () possibly degenerate

t
e Define Q; = [ ¢*BQe’P ds
0

e L is hypoelliptic if det Q); # 0 for all/'some t > 0
o N.s, o, Gaussian measures with

— covariance operator @,
— mean Py

— all are absolutely continuous with respect to the d-dimensional Lebesgue
measure

1 1 -1/ tB tB
ity ~3(@Q; (). Pa)
density: (27T)d/2(detQt)1/26 2{Qy
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The Kalman rank condition

Hypoellipticity
0

Kalman rank condition
QY2 BQY?, B2QY?,...,B" 'QY? has rank d, for some n < d

Take n the smallest possible
Define

e Vj, := Range Q'/? + Range BQ'? 4 - - - + Range B"Q'?for h =0,...,n — 1
o Wy =V, W), =V, oV, 1ifh=1,..., n—1

thean:W()@Wl@"'@Wn_l

take ONB in W, — ONB {ey, ..., ¢4} in R?
forh=0,...,n—1let I, the set of indices ¢ with ¢; € W,
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Infinitesimally invariant measures

A 1. Borel probability measure on R¢ is infinitesimally invariant if

/ Ludu=0
Rd

e Foru e C?(RY): L(u?) = 2uLlu + (QDu, Du)

for all u € C#(RY)

e Integrating with respect to
0 :/ L(u?) dp :/ 2uLlu d,u—l—/ L(u*){QDu, Du) du
R R R
Y
1
(L, w) p2pd ) = / uludu = ——/ (QDu, Du) du < 0
’ Rd 2 Rd
e — L : D(L) :=C}RY — L*R? u) is dissipative

e (L,D(L))is its closure in L*(R?, 1)
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An example

A special case is:

Luli, ) = Sl ) = (& -+ Yus(,y) + 20y (2,)
= S @D uli, ) + (Blr,y) . Duli, )

o (YO o (L1 ez (1010
¢ (oo)’B <1 0)’[Q BT (oo 1 0)

ORZQ,W():RX{O},le{O}XR

® €1 — <170)T5 €2 = <O7 1>T5 [0 — {1}! -[1 — {2}
The invariant measure has density with respect to the Lebesgue measure A:

du _
a($7 y) =€

(z?+y?)
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Maximal regularity

Question.

o lfg:R!— Rand \f — Lf = g, A\ > 0 which regularity properties does f have?
Answer 1 () invertible:

o [*(R% p) setting: D(L) = H*(RY, p)
A. Lunardi, G. Da Prato

o IP(R? p) setting: D(L) = W?P(R?, )
G. Metafune, J. Prif3, A. Rhandi, R. Schnaubelt

Answer 2 Special case
1

Lu(x,y) = éum(aja y) — (T + y)us(z,y) + zu,(r,y)

e g L2 (R, \f —Lf =g — f e HZRY

loc loc

E. M. Stein, L. Rothschild, G. B. Folland

e C,(RY) setting: D(L) C C**(RY)
A. Lunardi
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The Ornstein—Uhlenbeck semigroup

For f € L*(R%, u), x € R? define
(T'(t)f)(x) = Rdf dNes 0,

1 1 -1
- __<Qt ) > tB _
_ (27T)d/2(det Qt)1/2 /Rde ’ Y f(e r—y)dy

Theorem. The operators T'(t) are
e contractive,
e positivity preserving,
e and form a strongly continuous semigroup on L?(R%, )
- T0)=1d, T(t+s)=T(t)T(s) fort > 0
— t — T(t)f is continuous for all f € L*(H, )

e whose infinitesimal generatoris (L, D(L))
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The main result .

Theorem. For

Lu(z, ) = staly) — (@ + 9)us(z, ¥) + 21z, )

2
we have D(L) C H*?3(RY, 1)
For the proof:
e An abstract interpolation result
e Gradient estimates

e Weighted, anisotropic, fractional Sobolev spaces
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An interpolation lemma

Theorem. [A. Lunardi]
e X, I Banach spaces, £ C X
o (T'(t));>p a Cy-sgrp. in X, generator (A, D(A))

e mecNandd0< 3 < 1,weR, ¢c> 0such that

c ewt

IT(W)eoen < Ty Tort >0

Then
(X, D(A™))gp C (X, E)gap forall6 € (0,8)and 1 <p < ¢
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Gradient estimates

Lemma. For w > 0 there exist a constant ¢ such that
wt wt

ce ce
|DRT(t) f]l2 < t—3||f||2’ HDET@)JFHQ < t—?’HfHQ
for all ¢ € (0, +00), f € L*(R* ).

This means for f € L*(R?, u), t > 0

Cewt

T(0)f € H®,p) and |T(0)] ez me < =5
— the Lemma is applicable
o X = L*R2 ), E = H*(R?, p)
oetakem =4,0=1/4,3=3/4,p=2

(L7, D(L4))1/4,2 C (L7 H6’2)1/3,2

o (L>, D(L"Y)1/42 = D(L), and (L? H5?), 35 = H**3(R?, p)

so D(L) € H**P(R?, )
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The main result Il.

Theorem. [B. Farkas, A. Lunardi]
Let £ € N. For the domain of the Ornstein—Uhlenbeck operator L we have

loc

G. B. Folland

e ge L2 (R, \f —Lf=9g= f € H (RY) w.r.t. I,

e g2 RO, N —Lf =g= feH/VRY)wrt. I, ,

loc loc

E. M. Stein, L. Rothschild

A. Lunardi
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